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Abstract We analyze the radial symmetry of extremals for a class of interpolation 
inequalities known as Caffarelli-Kohn-Nirenberg inequalities, and for a class of weighted 
logarithmic Hardy inequalities which appear as limiting cases of the first ones. In both 
classes we show that there exists a continuous surface that splits the set of admissible 
parameters into a region where extremals are symmetric and a region where symmetry 
breaking occurs. In previous results, the symmetry breaking region was identified by 
showing the linear instability of the radial extremals. Here we prove that symmetry can 
be broken even within the set of parameters where radial extremals correspond to local 
minima for the variational problem associated with the inequality. For interpolation 
inequalities, such a symmetry breaking phenomenon is entirely new. 
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1 Introduction and main results 

In this paper we are interested in the symmetry properties of extremals for a family 
of interpolation inequalities established by Caffarelli, Kohn and Nirenberg in [T]. We 
also address the same issue for a class of weighted logarithmic Hardy inequalities which 
appear as limiting cases of the first ones, see [4j[5] . 



More precisely, let d £ N*, 6 £ (0, 1) and define 

, . p — 2 d — 2 . , . , . o , . 2d 

v[d,p) := d— — , a c := — — , A(a) := (a - a c ) , p(a,b) — 



2p ' 2 ' w ' v ' d- 2 + 2(&-o) 

Notice that 

< m.P) < < 1 <<=► 2<p<p*{d,6) := <2* , 

where, as usual, 2* = p*(d, 1) = if d > 3, while we set 2* = p*(2, 1) = oo if d = 2. 
If d = 1, 9 is restricted to [0, 1/2) and we set 2* = p*(l, 1/2) = oo. In this paper, we 
are concerned with the following interpolation inequalities: 

Theorem 1 Let d > 1 and a < a c . 

(i) Let b £ (a + 1/2, a + 1] luften d = 1, 6 £ (a, a + 1] when d = 2 and 6 £ [a, a + 1] ui/ien 
d > 3. In addition, assume that p = p(a,b). For any 6 £ [$(d,p), 1], t/iere exists a 
finite positive constant Cckn($i P> ^1) with A = /1(a) such that 



dx) < C CKN (0,p,A) I / S-dx^) (/ l"l dx 



1-0 



(1) 

/or any it £ X> a ' (R d ). Equality in JTJ is attained for any p £ (2,2*) and # £ 
(#(p, d), 1) or 6 — #(p, d) and a c — a > nof too large. A is not attained if p — 2, 
or a < 0, p = 2* and d > 3, or d = 1 and # = d). 
(«J Let 7 > d/4 and 7 > 1/2 if d = 2. There exists a positive constant C\vlh(7 > A) with 
A — /1(a) such that, for any u £ T>a' 2 (M. d ), normalized by J Rd ^^"L+i; dx = 1, we 



\u\ 2 



\ x \2(a+r 



log f|:c| d 2 2a |n| 2 ^ dx <2"/ log 



-WLHl 



Vnl 2 



(2) 

and equality is attained if 7 > 1/4 and d = 1, or 7 > 1/2 if d — 2, or for d > 3 
and either 7 > d/4 or 7 = d/4 and a c — a > not too /aroe. 

Caffarelli-Kohn-Nirenberg interpolation inequalities (fTJ) and the weighted logarithmic 
Hardy inequality ((2| are respectively the main results of [T] and [4]. Existence of ex- 
tremals has been studied in 5]. We shall assume that all constants in the inequalities 
are taken with their optimal values. For brevity, we shall call extremals the functions 
which attain equality in (fT|) or in ([2]). Note that the set Da' 2 (R d ) denotes the completion 
with respect to the norm 

u h+ || \x\- a Vn |£ 2 + || \x\- (a+ V u || 2 2 



of the set D(K <1 \{0}) of smooth functions with compact support contained in R d \{0}. 
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The parameters a < a c and A = A(a) > are in one-to-one correspondence and it 
could look more natural to ask the constants Cqkn an( A Cwlh to depend on a rather 
than on A. As we shall see later, it turns out to be much more convenient to express 
all quantities in terms of A, once the problem has been reformulated using the Emden- 
Fowler transformation. Furthermore, we can notice that the restriction a < a c can be 
removed using a transformation of Kelvin type: see [7] and Section \2. II for details. 

In the sequel we will denote by Cq KN (#, p, A) and C^ VLH (7, A) the optimal constants 
in HI and © respectively, when considered among radially symmetric functions. In 
this case the corresponding extremals are known (see [4]) and the constants can be 
explicitly computed: 



c* CKN (e,p,A) 



\ A( P -2) 2 ] P 2p r 2 +(2e-i) P l 6 


4 1 2 p 




V 


|_2+(20-l)pJ [ 2pBA J 


[p+2\ 







wlhI.7,4) - 37 - — 77~t 11 ^ > a 



and C^ LH (l,A) 



2ir d + 1 e 



Notice that 7 = 1/4 is compatible with the condition 7 > d/4 only if d = 1. The 
constant C^ VLH (l/4, A) is then independent of A. 
By definition, we know that 

Cckn P> A ) < C CKN {0, P, A) and Cwlh (7> ^) < C WLH (7, -A) • 

The main goal of this paper is to distinguish the set of parameters (0,p,A) and (7, A) 
for which equality holds in the above inequalities from the set where the inequality is 
strict. 

To this purpose, we recall that when 8 — 1 and d > 2, symmetry breaking for 
extremals of ^ has been proved in JSJQj-i-XI when 
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a < and p > \/ A(a) + d — 1 

a c - a 

In other words, for 9 = 1 and 



we have Cq KN (#, p, A) < Cckn(#j Pi This result has been extended to the case 
9 £ [0(p,d), 1] in 0]. Let 

e(o,p,d) := 32( P d ~ 2 1)p [(p + 2) 2 (d 2 +4a 2 -4a(d-2))-4p(p + 4)(d-l)] 

and 



, 2(d-l) 
a-(p) := ^-^y- 



Proposition 1 4 iei d > 2, 2 < p < 2* and a < a_(p). Optimality for {TJ is not 

achieved among radial functions if 
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(i) either i!}(p,d) < 8 < 0(a,p,d) anda>A(p), 
(ii) or fl{p,d) <8<1 and a < A(p). 

More precisely, one sees that symmetry breaking occurs if 8 < 0(a,p,d). We observe 
that, for p £ [2, 2*), we have i9(p, d) < 0(a,p, d) if and only if a < a_(p). The condition 
0(a,p,d) < 1 is equivalent to a > A(p). 

By rewriting the condition 8 < 0(a,p,d) in terms of a, we find that in the set 
{(8,p) : &(p,d) < 8 < 1 , p £ (2, 2*)} the function 



(a \ 2Vd~T [2p8 

a(8,p):^a c -— T ^ ] J—^-l (3) 

takes values in (— oo, a c ) and is such that symmetry breaking holds for any a < a(8,p). 
Notice in particular that a_(p) = a($(p,d),p) and that we recover the condition a < 
A(p) for 8 = 1. 

Before going further, let us comment on the nature of the above symmetry breaking 
result. Among radially symmetric functions, extremals are uniquely defined up to a 
multiplication by a constant and a scaling. Denote by u* the unique radial extremal 
in ([T]) under an appropriate normalization (see [4] for details). Conditions a < A(p) = 
a(l,p) for 8—1 and a < a(8,p) for 8 < 1 correspond exactly to the values of the 
parameters for which the linearized operator associated to the functional Tq v a (see 
Section f2. 2 \ around u* in the space orthogonal to the radial functions admits a negative 
eigenvalue, while it is positive definite for a > a(8,p). Thus, in the first case, u* no 
longer corresponds to a minimizer for the variational problem associated with the 
inequality. Also notice that, if for a sequence of non-radial extremals (u n ) n , (a n )n 
converges to some a and (u n )n converges to a radial extremal u* , then a — a(8,p). 

As in 4 , it is worthwhile to observe that if a < —1/2, then 

d d ., d 1 A(a) 

I = a^>%=* < ^(^ d V=2 = - 4 + — ■ 

This is consistent with the limiting case 8 = 7 (p — 2) and p — > 2+ corresponding to 
the the weighted logarithmic Hardy inequality ([2]). 

Proposition 2 [3] Let d > 2 and a < —1/2. Assume that 7 > 1/2 if d = 2 and 

d 1 Ala) 

< 7 < - + 



4 ~ ' 4 d- 1 ' 

t/ien t/ie optimal constant C\vlh(7> y l( a )) * n inequality ([2]) is not achieved by a radial 
function. 



In other words, letting 



2(7) := a c - \ v/(d-l)(4 7 -l) (4) 



then, for any given 7 > d/4, symmetry breaking occurs whenever a £ (— oo,5( 7 )). 

A first step of our analysis is to counterbalance the above symmetry breaking results 
with some symmetry results. To this purpose we recall that for 6 — 1, radial symmetry 
for extremals of |TJ was proved by various methods in 3,11,6 if < a < a c . We shall 
extend these results to the case 8 < 1 using the method of [B]. Our first new result is 
based on Schwarz' symmetrization, and states the following: 
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Theorem 2 For any d > 3, p G (2, 2*), there is a curve 9 i-> a(8,p) such that, for any 
a G [3(0,p),a c ), C CK n(#,P, ^(a)) = c ckn(^'P' ^( a ))- Moreover, lim 9 _ i . 1 _ a(0,p) = 0, 
ana! limg_ >0+ d(8,p) = a c . 

At this point, d = 2 is not covered and we have no corresponding result for the weighted 
logarithmic Hardy inequality. Actually, numerical computations (see Fig. 1) do not 
indicate that our method, which is based on Schwarz' symmetrization, could eventually 
apply to the logarithmic Hardy inequality. 

As for the case 9 = 1, d > 2, where symmetry is known to hold for |TJ in a neigh- 
borhood of a — 0- , for b > 0: see 12,1314,7,6 , the symmetry result of Theorem [2] is 
far from sharp. Indeed, for 6 = 1, it has recently been proved in [6] that symmetry also 
holds for p in a neighborhood of 2+, and that there is a continuous curve p t-> a(p) 
such that symmetry holds for any a £ (a(p),a c ), while extremals are not radially sym- 
metric if a £ (—oo, a(p)). We shall extend this result to the more general interpolation 
inequalities ([TJ and to p]l. 

Notice that establishing radial symmetry in the case < 9 < 1 in |T} poses a more 
delicate problem than when 9 = 1, because of the term Hlxl - ' "'" 1 -' ullj I 1 „ . Nonethe- 

f HI I "L J (K d ) 

less, by adapting the arguments of [6], we shall prove that a continuous surface splits 
the set of parameters into two sets that identify respectively the symmetry and sym- 
metry breaking regions. The case d — 2 is also covered, while it was not in Theorem [21 

Theorem 3 For all d > 2, there exists a continuous function a* defined on the set 
{(9, p) £ (0, 1] x (2, 2*) : 6 > -d(p,d)} with values in (—oo, a c ) such that lim a*(6,p) = 

— oo and 

(i) If (a,p) £ (a*(8,p),a c ) X (2,2*), |TJ has only radially symmetric extremals, 
(ii) If (a,p) G (— oo, a* (0,p)) x (2,2*), none of the extremals of |TJ is radially symmet- 
ric. 

(m) For every pe (2,2*), a(9,p) < a*(9,p) < a(8,p) < a c . 

Surprisingly, the symmetry in the regime a — > a c appears as a consequence of the 
asymptotic behavior of the extremals in {TJ for 9 = 1 as a - > — oo, which has been 
established in 2] . Symmetry holds as p — > 2+ for reasons which are similar to the ones 
found in [6]. 

Concerning the weighted logarithmic Hardy inequality ([2]), we observe that it can 
be obtained as the limiting case of inequality |T]) as p — > 2+, provided 9 = 7 (p — 2). 
Actually, in this limit, the inequality degenerates into an equality, so that (J2J) is obtained 
by differentiating both sides of the inequality with respect to p at p = 2. It is therefore 
remarkable that symmetry and symmetry breaking results can be extended to ([2]), 
which is a kind of first order correction to Hardy's inequality. Inequality has been 
established recently and so far no symmetry results were known for its extremals. Here 
is our first main result: 

Theorem 4 Let d > 2, there exists a continuous function a** : (d/4, 00) — !> (— 00, a c ) 
such that for any 7 > d/4 and a £ [a** (7), a c ), there is a radially symmetric extremal 
for (J2J, while for a < a** (7) no extremal of is radially symmetric. Moreover, 
a **(l) > 0(7) for any 7 £ (d/4, 00). 
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Theorems [3] and [4] do not allow to decide whether (6,p) >-t a*(9,p) and 7 i-> a** (7) 
coincide with (6,p) i-> a(9,p) and 7 i-> 0(7) given by Q and (|4| respectively. If the set 
of non-radial extremals bifurcates from the set of radial extremals, then a* = a in case 
of (fTJ and a** = a in case of (J2J. Moreover, most of the known symmetry breaking 
results rely on linearization and the method developed in [6] for proving symmetry 
and applied in Theorems [3] and [4] also relies on linearization. It would therefore be 
tempting to conjecture that a* — a and a** — a. It turns out that this is not the case. 
We are now going to establish a new symmetry breaking phenomenon, outside the zone 
of instability of the radial extremal, i.e. when a > a, for some values of 9 < 1 for JTJ 
and for some a > 0(7) in case of ([2]). These are striking results, as they clearly depart 
from previous methods. 

Theorem 5 Let d > 2. There exists rj > such that for every p 6 (2, 2 + r/) there exists 
an e > with the property that for 9 G d), i?(p, d) +e) and a G [a(9, p), a(9,p) +e), 
no extremal for fT} corresponding to the parameters (9, p, a) is radially symmetric. 

Notice that there is always an extremal function for {TJ if 9 > d), and also in some 
cases if 9 = d). See [S] for details. The plots in Fig. 2 provide a value for rj. 

We have a similar statement for logarithmic Hardy inequalities, which is our third 
main result. Let 

^SB(7,d):=i(47-l)e(^^)^(^)^r(f)^ . (5) 

Theorem 6 Let d > 2 and assume that 7 > 1/2 if d — 2. If A(a) > /lgB(7,d), 
then there is symmetry breaking: no extremal for (f2| corresponding to the parameters 
(7, a) is radially symmetric. As a consequence, there exists an e > such that, if 
a G [5(7), 5(7) + e) and 7 G [d/4, d/4 + e), with > 1/2 if d = 2, there is symmetry 
breaking. 

This result improves the one of Proposition [2] at least for 7 in a neighborhood of 
(d/4) + . Actually, the range of 7 for which 7133(7,0!) < A(j) can be deduced from 
our estimates, although explicit expressions are hard to read. See Fig. 4 and further 
comments at the end of Section [5] 

This paper is organized as follows. Section [2] is devoted to preliminaries (Emden- 
Fowler transform, symmetry breaking results based on the linear instability of radial 
extremals) and to the proof of Theorem [2] using Schwarz' symmetrisation. Sections [3] 
and U are devoted to the proofs of Theorems [3] and 0] respectively. Theorems [S] and [5] 
are established in Section [5] 

2 Preliminaries 

2.1 The Emden- Fowler transformation 

Consider the Emden-Fowler transformation 

u(x) = \x\- (d - 2 - 2a)/2 w{y) where y = {s,lu) G R x S^ 1 =: C, 

x G K d , s — — log |a;| G R and u — x/\x\ G S^ 1 . 
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The scaling invariance in ffi becomes a translation invariance in the cylinder C, in the 
s-direction, and radial symmetry for a function in K d becomes dependence on the s- 
variable only. Also, invariance under a certain Kelvin transformation in M. d corresponds 
to the symmetry s >— > — s in C. More precisely, a radially symmetric function u on R d , 
invariant under the Kelvin transformation u(x) H» \x\ 2 ( a ~ a «=) u(x/\x\ 2 ), corresponds to 
a function w on C which depends only on s and satisfies w{— s) = w(s). We shall call 
such a function a s-symmetric function. 

Under this transformation, fT]) can be stated just as an interpolation inequality in 
H^C). Namely, for any w 6 H^C), 

HIl* (C ) <C CK N(^P,^)(||V W ||f j2(c) +A|| ly ||| j2(c) ) 9 || W ||^ 1 ( - ) e) (6) 

with A = A(a) = (a c — a) 2 . With these notations, recall that 

A = <=>■ a = a c and /l > a < a c . 

At this point it becomes clear that a < a c or a > a c plays no role and only the value 
of yl > matters. Similarly, by the Emden-Fowler transformation, ([2]) becomes 

^H 2 logM 2 dy<27log[c WLH (7,^) (H V HIl 2 (c) + A )} . CO 

for any w g H 1 (C) normalized by IIHI^a^ = 1, for any d > 1, a < a c , 7 > d/4, and 
7 > 1/2 if d= 2. 



2.2 Linear instability of radial extremals 

Symmetry breaking for extremals of Q has been discussed in detail for 9 = 1 in 2,9, 
and by the same methods in [J, where symmetry breaking has been established also 
when 9 £ (0, 1). The method goes as follows. Consider an extremal w* for ([6]) among 
s-symmetric functions. It realizes a minimum for the functional 

^,p,ylM := — — (8) 



L P (C) 



among functions depending only on s and J-g — C^ KN (0,p, /l)^ 1 / 9 . Once the 

maximum of w* is fixed at s = 0, since ui* solves an autonomous ordinary differential 
equation, by uniqueness, it automatically satisfies the symmetry w*(— s) — w*(s) for 
any s £ M. Next, one linearizes F$ p a around w* . This gives rise to a linear operator, 
whose kernel is generated by dw* /ds and which admits a negative eigenvalue in H (C) 
if and only if a < a(#,p), that is for 

A>A(6,p) := (a c -a(6»,p)) 2 , 

where the function a(#,p) is defined in ([3|. Hence, if a < a(#,p), it is clear that 
-^S,p,A ~ •^9,p,a[ w *] takes negative values in a neighbourhood of w* in H 1 ^) and 
extremals for © cannot be s-symmetric, even up to translations in the s-direction. By 
the Emden-Fowler transformation, extremals for {TJ cannot be radially symmetric. 
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Remark 1 Theorem [5] asserts that there are cases where a > &(6,p), so that the ex- 
tremal s-symmetric function w* is stable in _ff 1 (C), but for which symmetry is broken, 
in the sense that we prove Cq KN (#,p, A) < Cq^(8,p, A). This will be studied in 
Section [S] 

In the case of the weighted logarithmic Hardy inequality, symmetry breaking can 
be investigated as in [1] by studying the linearization of the functional 

S-y,AH ■= 7 — y- r 7 • (9) 

around an s-symmetric extremal w* . In this way one finds that extremals for inequal- 
ity Q are not s-symmetric whenever d > 2, 

A>A(7):=i(d-l)(4 7 -l)=yl(o(7)). 



2.3 Proof of Theorem[2] 

As in [6], we shall prove Theorem [2] by Schwarz' symmetrization after rephrasing (fTJ 
as follows. Tone T>a' (K d ), we may associate the function v G X>Q :2 (]R d ) by setting: 

u(x) = \x\ a v(x) Vx-GR rf . 

Inequality (JTJ is then equivalent to 

IIM a ~ 6 «llL"(R<) < Cgkn(»,P,^) AB) e S 1 - 9 

with .4 := ll^llj^Agdy ^ : ~ |||^c| 1 ^||^2 ^ci-j an d A := a (2 a c - a). We observe that 
the function B h-> := (*4 - AS) 9 satisfies 

h'(B) _ 1-9 _ X6 
h(B) ~ ~~B A-XB ' 

By Hardy's inequality, we know that 

A-XB> inf (A-a(2a c -a)B) = A-a 2 c B>Q 

for any v G T>l' 2 (R d )\{0}. As a consequence, h'(B) < if 

(l-e)A<XB . (10) 

If this is the case, Schwarz' symmetrization applied to v decreases A, increases B, and 
therefore decreases (A — XB) B B 1 ^ 6 while it increases |||a;| a— 6 i;||£P£ Kd ^. Optimality 
in (|T|) is then reached among radial functions. Notice that A > is required by our 
method and hence only the case a c > 0, i.e. d > 3, is covered. 

Let 

, A 2 
*:=g-ac 
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Condition (|10|) amounts to 



1 — 



If u is a minimizer for ([TJ), it has been established in [HI Lemma 3.4] that 

{t+Af< (c CKN a,2vg))^) (ac _ a)2 *- W) ( t+a **<*» . (12) 

For completeness, we shall briefly sketch the proof of (|12|) below in Remark [5] The 
two conditions Hll[) and (|12[) determine two upper bounds for t, which are respectively 
monotone decreasing and monotone increasing in terms of a. As a consequence, they 
are simultaneously satisfied if and only if a £ [ao,a c ), where ao is determined by the 
equality case in and (|12|) . See Fig. 1. This completes the proof of Theorem [2] □ 




a 

5t2 0T4 0.6 0.8 1 1.2 1.4 * 

Fig. 1 According to the proof of Theorem [2] symmetry holds if a £ [ao(0,p), a c ), 9 £ 
("d(p, d), 1). The curves i-> ao(0,p) are parametrized by S £ [^(Pi d), 1), with d = 5, a c = 1.5 
and p = 2.1, 2.2, . . .3.2. Horizontal segments correspond to 8 = d), ao(9,p) <a< a c . 



Remark 2 Although this is not needed for the proof of Theorem [2] to understand why 
symmetry can be expected as a — > a c , it is enlightening to consider the moving planes 
method. With the above notations, if u is an extremal for ([T]), then v is a solution of 
the Euler-Lagrange equation 



■ Av + 



1-9 ex \ v 



A-XB V B A-XB] |af \\\x\-^) «||£ P(Rd) ' 

If d = 2, then A = -a 2 < and - A ^xB is alwa y s positive. If d > 3, - A e _\ B 
is negative if and only if ()10|l holds. Assume that this is the case. Using the Emden- 
Fowler transformation defined in Section \2. 11 we know that the corresponding solution 
on the cylinder is smooth, so that v has no singularity except maybe at x = 0. We 
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can then use the moving planes technique and prove that v is radially symmetric by 
adapting the results of [10ll8]. 

Using Hardy's inequality, (d—2) 2 B < 4 A, also notice that l|10[l cannot hold unless 

(rf-2-2a) 2 _ (ac - a) 2 
(rf-2) 2 a 2 ■ 

This imposes that a — > a c as 6 — > 0+. Compared to (I10|) . a numerical investigation (see 
Fig. 1) shows that this last condition is qualitatively correct. 



3 Radial symmetry for the Caffarelli-Kohn-Nirenberg inequalities 

In this section, we shall first establish some a priori estimates which will allow us to 
adapt the method of [6] to the case of inequality 



3.1 A priori estimates 



Recall that if u and w are related via the Emden-Fowler transformation, u is radially 
symmetric if and only if w is independent of the angular variables. The following result 
is taken from [2J Theorem 1.2, (i), p. 231], where 8—1. Here we are interested in the 
regime corresponding to a — > — oo. 

Lemma 1 Let d > 1 and p £ (2, 2*). For any t > 0, there exists a constant c(d,p,t) 
such that 



and 



%tc) ^ ll Vw lll 2 (o + *IHli 2 (o v w 6 h1 ( c ) 



c 



""W d ) c mi, 



lim tv a " c(d,p,t) = sup — =: Sp^ j ■ 

» 6 h*(r')\{o} \\ Vu h\^) + H L\^) 

In other words, as t — > +oo, we have 

^~ ac \W\b (C ) ^ s p( Rd ) i 1 + °W) (ll Vw Wh { c) + *II»IIl 3 (C )) 

for any given p £ (2, 2*). 

Remark 3 S p (R d ) is the best constant in the Gagliardo-Nirenberg inequality 

HIl»(r-) < s p( Rd ) (h Vm IIl 2 (r^) + H m IIl 2 (k^)) 

and tv a " is the factor which appears by the scaling u i-> t~( d ~ 2 )/ 4 u(-/\/i), that 

^~ Qc I|u|Il*<*«) ^ s p( Rd ) (|I Vu IIl 2 ( r^ + *H u IIl 2 (k^) 



for all t > 0. This is natural in view of the analysis done in [2]. We also observe that 

p->2 Sp( 



lim„^ 2 S D (R d ) = 1 
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From Lemma [TJ we can actually deduce that the asymptotic behavior of c(d, p, t) as 
t — > oo is uniform in the limit p — > 2. 

Corollary 1 Let d > 1 and g G (2, 2*). For any p 6 [2, g], 

c(d,p,t) < t~ C [c(d,q,t)] 1 ~ C Vt>0 

with £ = p (q— 2) ' ^ s a conse Q uence r 



——a r 
lim sup tp c c(d,p,t) < \Sq 

pe[2,g] L 



9 (p-2) 

p(g-2) 



Proof Using the trivial estimate 

\\ w \\b{o ^ t [ ||Vu,|| l 2 (c) + *II w IIl 2 (c) 

the estimate of Lemma Q] 

I|™|Il"(o ^ c ( d ,q,t) [|I Vw IIl 2 (o +t II w IIl 2 (o 

and Holder's interpolation: ||HIl p (C) — H w Hl 2 (C) ^ W ^L*(C)' w6 easu y S e ^ ^ ne nrs ^ 
estimate. Since 

|-ac-C=(l-C)(|-«c), 

we find 

t%~ ac c(d,p,t) < (t^~ aa c(d, q,t)j 

and the second estimate follows. □ 

Remark 4 Notice that for d > 3, the second estimate in Corollary [T] also holds with 
5 = 2* and £ = 1 — i?(p, d). In such a case, we can actually prove that 

c(d,p,t) <t a ^i (V(p,d)S4d)f ip ' d) (l-^d)) 1 "^^ 



i-C 



where S*(d) = Cckn(L 2* , a^) is the optimal constant in Sobolev's inequality: for any 
ueH^.H^. (m <S*(d)\\Vuf L2fmd 



Consider the functional Tq p ^ denned by (J5J on H^C). A minimizer exists for any 
p > 2 if d = 1 or d = 2, and p'e (2,2*) if d > 3. See [2] for details if = 1 and 
Theorem 1.3 (ii)] if # £ (i?(p, The special, limiting case 9 = #(j>, 1) is discussed 

in [3] if d — 1 and in 5 if d > 1. From now on, we denote by w = tyg p ^ an extremal 
for ([6]), whenever it exists, that is, a minimizer for J-g, p ,A- If satisfies the following 
Euler-Lagrange equations, 

-9Aw + ((l-e)t + A)w= {t + A) 1 - 9 w p - 1 

with t := II VwIIt 2,„s/||w|Ii when we assume the normalization condition 

Li (C) L, (C) 

(ll^l^^+^HlL 2 ^) 6 !!™!!^;^!!™^^. 
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Such a condition can always be achieved by homogeneity and implies 



[IP— 2 



1 



' LP (0 C CKN (9,p,A) ■ 
As a consequence of the Euler-Lagrange equations, we also have 



(13) 



l|v< 2(c) + ^lkllf j3(c) = (*+^) 1 - e IN£, (c) - (w) 

Remark 5 If w is a minimizer for Tg p ^, then we know that 

( ' 11 llL2 ( c ) Cckn^p,^) - c^ KN (e,p,^) cj KN (e, Pl i) 

On the other hand, by Holder's inequality: ||HIl p (C) — IIHI^i* H^Hl 2 ^)^' an< ^ ^ 
Sobolev's inequality (cf. Remark [4]) written on the cylinder, we know that 

= (S*(d)) ^||VHI L » (c) +aoHlL a (C)J 11^11^(0 

= (S*(d))^) (t + «2)^Vll£. (cr 

Collecting the two estimates proves (|12|l for u(x) = \x\~ ac w(s,cj), where s = — log \x\ 
and w = sc/[a:|, for any x £ M. d (Emden-Fowler transformation written for a — 0). 

As in [SJ, we can assume that the extremal w = Wg Pi a depends only on s and on 
an azimuthal angle (f> £ (0, n) of the sphere, and thus satisfies 

- 6 (d ss w + {dtfwj) + ((l-6)t + A)w=(t + A) 1 - 9 w^ 1 . (15) 

Here we denote by d s w and d,pw the partial derivatives with respect to s and <j> re- 
spectively, and by the derivative defined by: D^w := (sin <f)) 2 ~ d ^((sin <f)) d ~ 2 w )- 
Moreover, using the translation invariance of (|6} in the s- variable, the invariance of the 
functional J-q p a under the transformation (s.uj) n> (— s,lj) and the sliding method, 
we can also assume without restriction that w is such that 

w(s, 4>) = w(-s,4>) V (s,4>) G R x (0,tt) , 

d s w(s,(P)<0 V (s, <f>) g (0, +oo) x (0, 7r) , (16) 
max c = ?ai(0, </I>o) j 

for some 4>q £ [0, tt]. In particular notice that 

.7 ./o 

where oj^_ 2 is the area of S d_2 . From Lemma[T] we obtain the following estimate: 



IV™ II 



h 2 (C) =UJd - 2 / (l^^l 2 + \ d <t> w f) (sin0) d_2 #ds 
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Corollary 2 Assume that d > 2, A > 0, p <E (2,2*) and 9 G (#(p,d),l). iet i = 
t(9,p, A) be the maximal value of II^HI^^/HHI^^ among all extremals of ((6]). 
Then t(6,p,A) is bounded from above and moreover 

limsupi(#,p, A) < oo and limsupi(#,p, A) < oo , 

p— s-2 + A— S-0+ 

where the limits above are taken respectively for A > and 9 G (0, 1) fixed, and for 
p G (2,2*) and 9 G (#(p,d),l) fixed. 

Proof Let t n := ||V«Jn||i 2,„.,/||wra||? 2 .„. , where w n are extremals of (ISJ with A = 

ij (L) tj (C) 

A n G (0, +oo), p — p n G (2, 2*) and 6> G (0, 1]. We shall be concerned with one of the 
following regimes: 

(i) A n = A and p n — p do not depend on n G N, and 9 G ($(p, d), 1), 

(ii) A n = does not depend on n G N, 9 G (0, 1] and lim n _>oo Pn = 2, 

(iii) p n = p does not depend on n G N, G [&(p, d), 1] and lmin-^oo A n = 0. 

Assume that lim n _>oo t n = oo, consider (|14|) and apply Lemma [T] to get 

j-!^7 — ac min{e,l — 6} , ^ u , a \1 — 8 m mb„— 2 (^n + -^n) ; 17 » 

*™ -yW l + o l < fc + ^n K p« frl = F la A \ 17 

s Pnl K J (C) CcKNl^Prs; As) 

where we have used the assumption that 1 — 3(p n , d) = y — a c > 1 — 9. This gives a 
contradiction in case (i). 
Using the fact that 

Cckh{0,p,A) > C* CKN {9,p,A) 

where Cq KN (#, p, A) is the best constant in ([TJ among radial functions given in Sec- 
tion [JJ and observing that 

Cckn(0,p,^) = C£kn(#,P,1)^~ 9 , 

we get 

1/ c CKn(#,P,^) ~ A 6 ~^ -» as A->0. 

In case (iii), if we assume that t n — > +oo, then this provides a contradiction with (| 1 7f) . 
In case (ii) , we know that 

lin? Cc KN (6»,p,yl) = A~ 6 

p^2 + 

and, by (|17|l and Lemma [JJ 

.^-°c min{6>, 1-0} . (tn + zl) 1 - ,e,i-9, lx m . 

S Pn (M d ) C^ KN (0,p„,/l) 

as n — > oo. Again this provides a contradiction in case we assume lim t n = oo. □ 

Let k{p,A) := C* CKN (9 = l,p,A) and recall that k(p,A) = A- {p+2)/{2p) k(p, 1) and 
limp_ > .2 + k(p, 1) = 1. As a consequence of the symmetry result in [6], we have 
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Lemma 2 There exists a positive continuous function e on (2,2*) with 



lime(p) = oo and lim e(p) = a c (p+2)/p k(2* , 1) 

p— >2 p— >2* 



such that, for any p £ (2, 2*), 

IM|£P(C) ^ £ ll V ™H| 2 (C) + Z ( £ 'P) I^H| 2 (C) V W G H '( C ) 

_ P- 2 2 p 

/io/rfs /or ani/ e £ (0, uiit/i Z(e,p) := e p+ 2 k(p, l)p+ 2 . 

Proof From [5], we know that there exists a continuous function A : (2,2*) — > (a 2 ,oo) 
such that lim p _j.2 ^(p) = °°, linip^2* A(p) = a 2 and, for any A £ (0, A(p)], the inequality 

IMIl» (c) < k (P,A) (||V W ||^ (C) +A|HIl= (c) ) V» £ H^C) 

holds true. Therefore, letting 

e(p) := k(p,A(p)) = A( P r (p+2)/(2p) k(p, 1) , 

our estimate holds with A = \(p), e = A~ (p+2)/(2p) k(p, 1) and Z(e,p) = e A. □ 

Lemma 3 Assitme </iat d > 2, p £ (2,2*) and # £ [i?(p, d),l]. // w is an extremal 
function of © and if w is not s- symmetric, then 

e(d-i) + (i-e)t + A<(t + A) 1 - e (p- i) \H\ P L J {C) . (18) 

Proof Let w be an extremal for ©, normalized so that (|16[) holds. We denote by 
£ (0, 7r) the azimuthal coordinate on By the Poincare inequality in S d_1 , we 

know that: 

/ \D^w)\ 2 duj>{d-l) I \{d^w)\ 2 duj 

while, by multiplying the equation in (| 1 5p by D^id^w), after obvious integration by 
parts, we find: 

9 Qf (\d s (d+w) | 2 + \Df (d+w) | 2 ) dy) +{{l-e)t + A)J \d^w\ 2 dy 
= (t+A) 1 - 6 (p-1) / w p - 2 |9^| 2 ^ < (i-M) 1 ^ (p-1) ||H|~ (C) / |9^| 2 dy . 

By combining the two above estimates, the conclusion holds if II^HIl 2 ^) 7^ 0- a 
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3.2 The critical regime: approaching a — a c 

Proposition 3 Assume that d > 2, p £ (2,2*) and 9 £ [i?(p,d),l]. Let (A n )n be a 
sequence converging to 0+ and let (w n ) n be a sequence of extremals for ©, satisfy- 
ing the normalization condition (11311 . Then both t n '■= [I ViOnll T i ,~.,/||iOn|| and 

Li (C) L (C) 

Hwti II (C) conver 9 e t° as n — > +oo. 

Proof First of all notice that, under the given assumption, we can use the results in 
Theorem 1.3 (i)] in order to ensure the existence of an extremal for ((6| even for 
9 — $(p, d). Moreover with the notations of Corollary[2l we know that (t n ) n is bounded 
and, by {T3j and (fl4)l . 

IIV7 II 2 i a II 1 1 2 {tn + An) 1 6 

||V^|| L2(C) + A n \\w n \\ L2(c) = —j——— 

with C CKN (9, P ,A n )-P/^ < C* CKN (9, P ,A n r p/{p ~ 2) ~ A?^~ h ^ as A n -> 0+, 
where we have used the fact that — ^ > for 9 > t?(p, d). Thus, using (|13|l we have 
lim HVtUnlli = and lim ||tUn||i p fr \ = 0. Hence, (w n )n converges to W = 0, 

n— »oo L n— >-oo 

weakly in Hj" oc (C) and also in C, for some a £ (0, 1). By (|16[) . it follows 

lim ||w„||t oo rr , = . 

Now, let too '■= limn-foo t n and assume by contradiction that too > 0. The function 

Wn = Wn/WwnWnl^d) solves 

-6 AWn + ((1 - 9) t n + An) Wn = (tn + An) 1 ' 6 <~ 2 Wn ■ 

Multiply the above equation by W n and integrate on C, to get 
9 l|VW^„|| 2 j 2 (c) + ((1 - 9) too{l + o(l)) + A n ) || W„|| 2 j2(c) 

< (too(l + 0(1)) + An) 1 ' 6 |K||£» 2 (C) llWnl^pj . 

This is in contradiction with the fact that || W / n ||H 1 (M d ) = 1> f° r am7 "£N. □ 

Corollary 3 Assume that d > 2, p £ (2,2*) and 9 £ [&(p, d),l]. There exists e = 
e(9,p) > such that extremals of © are s-symmetric for every < A < e. 

Proof Any sequence (w n )n as in Proposition [3] violates (|18|l for n large enough, unless 
dfjjWn = 0. The conclusion readily follows. □ 



3.3 The Hardy regime: approaching p = 2 

We proceed similarly as in Proposition [3] and Corollary [3] 

Proposition 4 Assume that d > 2, fix A > ana! # £ (0,1]. There exists r\ £ 
(0, 4 — 2 0)) suc/i t/iat a// extremals of ([6]) are s-symmetric if p £ (2, 2 + 77) . 
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Proof The case 9 = 1 is already established in [6]. So, for fixed A > and < # < f, 
let w n be an extremal of (O with p = p n — > 2+. By Corollary [21 we know that (t n )n 
is bounded and 

||Vto„||^2 (c) +vl||w;„|||2 (c) = (i„ + A) 1 ^ 9 \\w n \\^l~ ||w n ||LP» (c) • 

First we prove that t n converges to as n — > +oo. Assume by contradiction that 
lim n _>.oo t n — t > after extracting a subsequence if necessary, and choose e £ (0, i/A) 
so that 

(t + A) 6 >A 9 (et+1) ■ (19) 
Recalling that Cq KN (#,p, A) ~ as p — > 2+, we find that 

||Pn-2 



Wn||£" P „ (c) = l/C CKN (0,p„,yl) < l/C* CKN (9,p n ,A) -> /f 

(c) by e ||V»||2 2(c) + Z( e!P )|| w ||[ 2(cr 



Using Lemma[2]to estimate HlWnlljjpn^N by e \\Vw\\^j2 +Z(e,p) \\ w \\i^r c y f° r n large 



enough, we get 

(t n +A) ||Wn||L2( C) 

= l|Vw„||^2 (c) + A\\w n \\l2 {c) = (t n +A) 1 ~ 9 \\Wn\\jj,~, c , \\w n \\1p n{c) 

< (t n + A) 1 - 9 A 9 (1 + o(f)) (etn + Z(e, Pn ,d)) |KHl 2 (c) 
Hence, by passing to the limit as n — > oo, and using the fact that 

lim Z(e,p n , d) = 1 , 

n— f oo 

we deduce that 

(t + A)< (t + A) 1 " 6 A 6 (et + 1) 

in contradiction with (|19|) . This proves that lim„_>.+ 00 i n = 0. 
Summarizing, w n is a solution of 



)Awn + ((l-6)tn + A)w n = (tn+A) 1 9 ; 



such that £„ = II^ 7u; ™IIl 2 (c) // "™™"l 2 (C) ~^ aS n ~~ ^ Let C ™ := H™™Hl p "(C) and 

W n ■= vjnjcn- We know that 



-2 



~ Cckn(9,Pu,A) c* CKN (e, Pn ,A) 

and 

||VWn||^ (e) + A \\Wn\\l^ c) = (in + A) 1 ' 9 c^ 2 \\W n \\^ Pn{c) = (*„ + A) 1 ' 6 c^ 2 . 
Hence we have 

lim \\VWn\\ 2 2 (r ,+A\\Wn\\ 2 2 (r ,= lim (t n + A) 1 ' C??- 2 < A . 

Furthermore, from lim„->.oo tn = 0, we deduce that lim„->co llVWnllxa,,,* = and 

"£i (C) 

lim sup,^^ II W^mIIl 2 ^) — ^ This proves that (W n )n is bounded in H^C) and that, 



17 



up to subsequences, its weak limit is 0. By elliptic estimates and (I16[) . we conclude that 
limsup,^,^ ||VM L =o (c) = 0. Therefore, limsup^^ ||VM£*«v C ) < 1. 

We can summarize the properties we have obtained so far for an extremal w n of (0 
with p = p n — s> 2+ as follows: 

lim t n — and limsup ||w„||?p~ 2 < /l 9 . 
Incidentally, by means of the maximum principle for (|15f) , we also get that 

,. ||P „-2 (l-fl)tn+^l > A fl 



which establishes that 



lim ||wn||f"oo ^ = A e 



Inequality (|18[l is clearly violated for n large enough unless dj,w n = 0. This concludes 
the proof. □ 



3.4 A reformulation of Theorem [3] on the cylinder. Scalings and consequences 

As in [6], it is convenient to rewrite Theorem[3]using the Emden- Fowler transformation. 

Theorem 7 For all d > 2, there exists a continuous function A* defined on the set 
{(0,p) £ (0, 1] x (2, 2*) : 6 > i?(p, d)\ with values in (0, +oo) such that lim A*(9,p) = 

+oo and 

(i) If (A,p) £ (0,yl*(#,p)) x (2,2*), tften |T]) /ias only s -symmetric extremals. 
(%%) If A = A*(0,p), ften C CKN (0,P,^) = C* CKN (6,p,A). 

(Hi) If(A.p) £ (A*(9,p), +oo) x (2,2*), none of the extremals of |T} is s-symmetric. 
(iv) < /l*((9,p) <A(9,p). 

Notice that s-symmetric and non s-symmetric extremals may coexist in case (ii). In (iv), 
we use the notation A(9,p) = («c — a(#,p)) 2 , where the function &(9,p) is defined in ((3]). 

A key step for the proof of Theorem relies on scalings in the s variable of the 
cylinder. If to £ H^C) \ {0}, let Wo(s,w) := w(as,uj) for a > 0. A simple calculation 
shows that 

r i *-\+*it ri M+^W» J Vuwll ho M v£) rom 

■^,P,<tM[w<t] = O- Je,p,ylM- cr & ((J 1) — ^.(20) 

IHIl> (C) 

As a consequence, we observe that 



Lemma 4 If d > 2, A > and p £ (2, 2*), t/ien the following holds: 
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(i) If Cckn (8, P, A) = C^ KN (6,p,A), then C CKN (9,p,\) = C^ KN (9,p,X) and, after a 

proper normalization, wg p \ = Wg p ^ for any A 6 (0, A), 
(ii) If there is an extremal wg p y[, which is not s- symmetric, even up to translations in 
the s-direction, then Cckn($jPi A) > C^ KN (#,p, A) for all A > A. 

Recall that, according to [3J, the extremal Wg ^ among s-symmetric functions is 
uniquely denned up to translations in the s variable, multiplications by a constant 
and scalings with respect to s. We assume that it is normalized in such a way that it 
is uniquely denned. As for non s-symmetric minimizers, we have no uniqueness result. 
With a slightly loose notation, we shall write wg p \ for an extremal, but the reader 
has to keep in mind that, eventually, we pick one extremal among several, which are 
not necessarily related by one of the above transformations. 

Proof To prove (i), apply (|20|l with w a = wg >Pt \, A = a 2 A, < a < 1 and w(s,uj) = 
■wg. p .\{s/a,u): 



Cckn(0,P, A) 



Wuw\\ 2 2 ,^ IMI 2 " 



2 _i + 2 i+J. "v^ llL 2 (c)ll ^ llL2 (C) 

IHIlV) 

» . 2 -^ r + ff 4^ (1 _ ff2 J IM ^) IHI S 



C£kn(*,p,j1)J ^ IHlJ? (c) 



L p (C) 



By definition, Cckn(#jP 5 A) > Cq KN (6',p, A) and from the above inequality we find 
that necessarily V u to = 0, and the first claim follows. 

Assume that wg p ^ is an extremal with explicit dependence in to and apply (|20|l 
with w = Wq Pt A, w a (s,(jj) := w(a s,u>), A = a 2 A and a > 1: 



Cckn(0>P, A) 



a 2-i + ^ -A+ ^ 2 i ll V "^, P ^ll^ (c) lke,p,All L2 e 

CT « + P« (cr - f) ■ 



Cckn(^,P,A)^ " IKp^ll^c) 

2 2 i=£ 



1— ±4—=S- 



— - a e + p° (a - 1) ■ 



<C£ KN (0,p,A)-* 



since V^wg p yi ^ 0. This proves the second claim. 



□ 
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By virtue of Corollary [3] we know that, for p £ (2, 2* ) and d) < 9 < 1, the set 
{yl > : J~e,p A nas only s-symmetric minimizers} is not empty, and hence we can 
define: 

A (6, p) := sup{/l > : J~g^ Vy A nas on ly .s-symmetric minimizers} . 

In particular, by Proposition [T] (also see Section \2.2\ , Lemma [4] and Proposition [4j we 
have: 

< A*(9,p) < A(9,p) and lim A*(6,p) = +oo . 



Corollary 4 With the above definition of A*(9,p), we have: 

(i) if X € (0, A* (8,p)), then Cckn($iPi-^) — Cc; KN (#,p,A) and, after a proper normal- 
ization, Wg tPi x = W* 9pX , 
(n) if A = A*{0,p), then C CK - N {9,p,X) = C^ KN {9,p,X), 
(m) if\>A*(9,p) and 9 > ■d(p,d), then Cckn(#,P, A) > Cq KN (6*,p, A). 

Proof (i) is a consequence of Lemma U (i). It is easy to check that Cckn(#iP> A) is 
a non-increasing function of A. By considering ]im\_>ji + J-g^ p ^A[ w g p \]i we get (ii)- ^ 
p £ (2,2*) and 9 £ ($(p, d), 1], it has been shown in [5] that J-g tPi A always attains its 
minimum in H^(C) \ {0}, so that (iii) follows from Lemma |3](ii). □ 

3.5 The proof of Theorem [3 

In case 6 = i?(p, d), extremals might not exist: see [5]. To complete the proof of Theorem 
we have to prove that the property of Lemma [4] (iii) also holds if 9 = $(p, d) and to 
establish the continuity of A* . 

Lemma 5 IfX>A*(9,p) and 9 = $(p,d), then Cckn(#>Pi A) > Cq KN (#,p, A). 
Proof Consider the Gagliardo-Nirenberg inequality 

\\u\\l* m < C GN (p) ||V«||^ N|^^ V u e H 1 (R d ) (21) 

and assume that Cqn(p) is the optimal constant. According to [5] (see Lemma[6]below 
for more details), we know that 

Cqn(p) < C C knWp,0,P, >) ■ 

According to 5, Theorem 1.4 (i)] there are extremals for (0 with 9 — $(p,d), p 6 
(2,2*) and A > 0, whenever the above inequality is strict. By Corollary [4] (ii) we know 
that C GN (p) < C* CKN ($(p,d),p,\) if A = A*(d(p,d),p). 

Case 1: Assume that Cqn(jj) = C*-. KN (i9(p, d),p, A* (#(p, d),p)). Then for all A > 
A*($(p,d),p), 

CcKN(fi(P,d),P,\) < C GN (p) < C CKN (i)(p,d),p y A) 
because Cq KN (#,p, A) is decreasing in A, which proves the result. 
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Case 2: Assume that Cqn(p) < C CKN (■#(£>, d),p, A* d),p)). We can always choose 
A > A* d),p), sufficiently close to A* d), p), so that 

Then J>, Theorem 1.4 (i)] ensures the existence of an extremal wg^ p _\ of (|6]| with 
9 = $(p,d). By the definition of yl* d),p), such an extremal is non s-symmetric. 
The result follows from Lemma U (ii). □ 

To complete the proof of Theorem [7] we only need to establish the continuity of 
A* with respect to the parameters (0,p) with p £ (2,2*) and $(p, d) < 9 < 1. The 
argument is similar to the one used in [6] for the case 9=1. First of all, by using the 
definition of A*(8,p), Lemma [4] (i) and the s-symmetric extremals, it is easy to see 
that, for any sequences (9 n ) n and (p n )n such that n — > 9 and p n — > p £ (2, 2*), 

limsup A*(e n , Pn ) < A*(6,p). 
n— >>+oo 

To see that equality actually holds, we argue by contradiction and assume that for a 
given sequence 9 n £ [&{pn, d), 1] and p n G (2, 2*), we have: 

Aoo~ lim A*(0 n ,p„) <A*(9,p) . 
n— >-\-oo 

For n large, fix A such that A* (6 n ,pn ) < A < A*(6,p) <A{6,p). 

If 9 > d), then > i9(p n ,d) for n large, and we find a sequence of non 
s-symmetric extremals Wg n Pn \ that, along a subsequence, must converge to an s- 
symmetric extremal Wg p ^, a contradiction with A < A(9,p) as already noted in the 
introduction. 

If 9 = d), then, by strict monotonicity of C*-, KN with respect to A, we find: 
Cgn(p) < Cc KN (i?(p,d),p,/l*(p,d)) < C CKN (i?(p,d),p, A) and so, for n sufficiently 
large: C GN (p) < C CKN (0 n ,p„, A) < C CKN (9 n ,p n , \). Again by [5[ Theorem 1.4 (i)], 
there exist non s-symmetric extremals wg nPn \ of © relative to the parameters 
(9 n ,p n ,X), that, along a subsequence, must converge to an extremal of (0 relative to 
the parameters (9,p, A). Since A < A*(9,p), the limiting extremal must be s-symmetric 
and we obtain a contradiction as above. This completes the proof of Theorem [7] □ 

Remark 6 As already noticed above, at A = A*(9,p), we have 

C C KN(e,P,A*(9,p)) = C* CKN (9,p,A*(9,p)) 

and, as long as there are extremal functions, either A* (9, p) = A(9, p), or a s-symmetric 
extremal and a non s-symmetric one may coexist. This is precisely what occurs in the 
framework of Theorem [SJ at least for 9 > i}(p, d). 

4 Radial symmetry for the weighted logarithmic Hardy inequalities 

As in Section [3.41 we rephrase Theorem [4] on the cylinder. 

Theorem 8 For all d > 2, there exists a continuous function A** defined on the 
set {7 > d/4} and with values in (0,+oo) such that for all A £ (0,/l**(7)], there 
is an s-symmetric extremal of (|2]l. while for any A > A** (7), no extremal of ([7j) is 
s-symmetric. Moreover, A** (7) < ^ (47 — 1) (d— 1) = ^(7). 
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4.1 The critical regime: approaching A = 

In order to prove the above theorem, we first start by showing that for 7 > d/4 and A 
close to 0, the extremals for (J7)) are s-symmetric. From [5[ Theorem 1.3 (ii)], we know 
that such extremals exist. 

Proposition 5 Let 7 > d/4 and d > 2. Then, for A > sufficiently small, any 
extremal w^a of is s-symmetric. 

Proof Let us consider 7 > d/4 and a sequence of positive numbers (A n )n converging 
to 0. Let us denote by (w n ) n a sequence of extremals for (0 with parameter A n . 
For simplicity, let us normalize the functions w n so that ||wn||j j 2, ( ,, = 1. Moreover, 

we can assume that w n = w n depends only on s and the azimuthal angle <j} £ S d_1 
and maxc ui n = w n (0,<f)o) f° r some <f)Q 6 [0,7r]. Finally, w n is a minimum for Qg yPy A 
defined in (O, and we have Go, p ,A{ w n] = 1/C„ with C„ := Cwlh(7, ^n) f° r an y "£N. 
Therefore ui n satisfies the Euler-Lagrange equation 



2 dy) = jtx n w n (22) 



- Z\w)„ - C„ X w„ (1 + log \w n \ 2 ) exp ( -!- / |w ti | 2 log |w n 

\ 2 7 Jc 

for some £ M. Multiplying this equation by w n and integrating by parts we get 

2 ^ f X / 2 2 \ / 2 2 

||Vto„]| T 2 , r , - C n exp — / |u; n | log|™„| dy / w„ (1 + log |iu„| ) dy = ^ n 



|| L 2 (C) - v.„ exp ^— ^ 



(23) 

In addition, the condition Gg, p ,A[ w n] = 1/C n gives 

II v ™«IIl 2 (c) +yln = c ™ 1 exp y l w "l 2 lo sl w ™l 2 d ^ 

As in [5], consider Holder's inequality, ||HIl'(C) < IIHIj^,^ HHIj/^e) £ = 

2 (p — g)/(g (p — 2)) for any q such that 2 < q < p < 2*. For q — 2, this inequality 
becomes an equality, with f = 1, so that we can differentiate with respect to q at q — 2 
and obtain 

•'C L (C) L (C) 

Let Cqn(p) be the best constant in (|21[) . Combining the two inequalities, we obtain 
the following logarithmic Sobolev inequality on the cylinder: for all d > 1, 



JC 
where 



K{d) := inf -ii- C GN (p) 
P e(2,2*) p - 2 



See [U Lemma 5] for more details and a sharp version, but not in Weissler's logarithmic 
form as it is here, of the logarithmic Sobolev inequality on the cylinder. 
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Applying this inequality to w n , we obtain 

Since 7 > d/4, A n — > and C„ — ► +00 (see [U Theorem B']), we see that (Vu?n)n 
converges to as n — > +00. On the other hand, Hwnllj^^j = 1, so, up to subsequences, 

(liVi)n converges weakly and in C,' a to w = 0. 

Now, like in the proofs of Corollary [3] by using (|22l) . we see that the function 
\n ■= D^uin satisfies: 

J C {\dsXn\ 2 + \d^Xn\ 2 ) dy 

- Cn 1 exp (3^ / c Kj 2 log Kj 2 dy) / c | X „| 2 (3 + 2 log \w n \ 2 ) dy 

= m« IIx™|Il 2 ( C ) • ( 25 ) 

Hence, by means of the Poincare inequality we derive 

(d- 1- /i„) ||x™|Il 2 (C ) 
< Q 1 exp f c \w n \ 2 log|ui„| 2 dy) f c \xn\ 2 (3 + 2 logw„) dy 
< Q 1 exp / c \w n \ 2 log|w„| 2 dy) IIx«Hl2 (c) (3 + 2 log (||w n ]| L ~ (c) )) < 

for n large, since H^nll^ 00 ^) converges to as n — > +00. Next observe that by the 

strong convergence of (Vw n )n to in L 2 (R <i ) (|23[) and by the logarithmic Sobolev 
inequality (|24p . we obtain lim n ->oo fJ-n = 0. So, necessarily Xn = for n large and the 
proof is complete. □ 



4.2 The proof of Theorem 

Consider the functional G-y y A denned in ((9]). Ifui £ H 1 (C)\{0}, let Wa(s,uj) := w(as,uj) 
for any a > 0. A simple calculation shows that for all a > 0, 

2 -^ c r I (- 2 -D--^l|V.< 2 

a 2 7 g liA [ w ] 



IM£, (C) exp |^ / c log ^ith|^-- J d y 

The above expression is the counterpart of (|20p in the case of the weighted logarithmic 
Hardy inequality and we can even observe that 2 — = lim )9 _ s .2 + (2 — y + j 2 ^) when 
9 = 7 (p — 2). We use it exactly as in Section [3.41 to prove that for any d > 2, yl > 
and 7 > d/4, the following properties hold: 

(i) If C CK n(7,^) = Cwlh(7,^), then C CKN (j,\) = CwlhOt.A) and, after a proper 
normalization, w 7j ^ = u>* ^, for any A 6 (0, A). 

(ii) If there is there is an extremal w^ ^, which is not s-symmetric, even up to trans- 
lations in the s-direction, then Gwlh(7i A) > C^y LH (7, A) for all A > A. 
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At this point, in view of Proposition [5] and by recalling the role of the function a in 
@, we can argue as in Section [33] to prove the existence of a continuous function A** 
defined on (d/4, oo), such that 

(i) 0<^*( 7 )<i( 7 ), 

(ii) if A G (0, A* (7)), then C\vlh(7i A) = Cwlh(7> A) and, after a proper normalization, 
™7,A = W*,\, 

(iii) if A = A** (7), then C WLH (7, >■) = Cwlh(7>*)i 

(iv) if A > vl**(7), then C WLH (7, >■) > Cwlh(7>*)- 

This concludes the proof of Theorems [8] □ 



5 New symmetry breaking results 

This section is devoted to the proof of Theorems [5] and [6] We prove symmetry breaking 
in the range of parameters where the radial extremal is a strict, local minimum for 
the variational problem associated to inequalities (fT]) and ([2]). Consider the optimal 
constants in the limit cases given respectively by 6 = #(p, d) and 7 = d/4. We recall 
that 

w\x\- a vuf T i^ hm- (o+1) ut^-T d)) 



CcKN($(P,d),p,A) Me rj^ 2 ( R£ i)\{o} ||M blt llLP (R£i) 



and 



7 —— jr — mt X VMT2,„ d ^ 



cxp 



infllja;! a Vit||?; 

(K "> " L " -/R d w^^' ~ v 



/" M 2 1 /1 |2 (ao— a) 1 i2\ , 

/ \ x 2(a + l) (M M J dX 



where the last infimum is taken on the set of the functions u 6 D a ' (R ) such that 
|| \x\~ ( a+1 ) 1 1 (M rf ) ~ 1' ^ e a ^ so d enne t ne best constants in Gagliardo-Nirenberg and 
logaritmic Sobolev inequalities respectively by 

|| V ,.||2'?(P,d) I, ||2(l-tf(p,d)) 
ml 



Cgn(p) ' «6Hi(t ; )\{0} ||ti 112 



L p (R d ) 



and 



1 / 1 1 2 2 / 1 1 2 

— — := inf / |Vu| dx exp — 4 / |u| log 

C LS u(EH 1 (R d ) jRd L JR d 



u\ 2 dx 



I Ti. 1 1 T 2 , —1 

1 "L (« d ) 



It is well known (see for instance [15]) that Cls = ^~de' 
Lemma 6 Let d > 3 and p£ (2, 2*). .For aZZ a < a c , we have 

Cgn (p) < Cckn 0, d) , P, A) and C LS < C WLH (d/ 4, A) . 

If d = 2, f/ie /irst inequality still holds while the second one is replaced by Cls 5= 
limsup 7 _ +(1 / 2)+ C WLH (7,yl). 
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Proof Consider an extremal u for either the Gagliardo-Nirenberg or the logaritmic 
Sobolev inequality. It is known that such a solution exists, is unique up to multiplication 
by constants, translations and scalings (in case of the logaritmic Sobolev inequalities, 
take for instance u(x) = (2 7r) _d / 4 exp(-|x| 2 /4) for any x G R d ). Let e G § d_1 and use 
u n (x) := u(x + ne), n G N, as a sequence of test functions for the quotients defining 
CcknWPi d),p, A) and C\vlh(^/4, ^1) respectively. We first use the reformulation of 
([TJ used in Section l2T3"l in terms of v(x) = \x\~ a u(x), and observe that, for 6 = $(p, d) = 
1 — (b — a), d > 2, we have 



inf 



(l|V«||[ 2(Rd) + a (a - 2a c ) HI.]- 1 ,||[ 2(Rd) ) e IH.r 1 ,| 



_1 ai|| 2 (1-©) 
L 2 (R d ) 



/ IIVT ii 2 i a(a-2a c ) <n X „| — 1 ||2 \ 9 mix i— 1 || 2 (1- 

U |VM|l L 2 (« d ) + » 2 Hin ~ e l u llL 2 ( K d )J Hl«~ e ! u Hl 2 (i 



'?;ll 2 

W|l L p (R d ) 



IMIf^d) C gn(p) ' 

The inequality Cls < C-wlh(^/4, ^1) follows from a similar computation if d > 3. If 
d = 2, it is enough to repeat the computation for a well chosen sequence (7n)n such 
that 7 n > 1/2 for any n G N and lim n _>.oo Jn = 1/2. □ 

Proof of Theorem Let g(i) := (2 7r) _£i/4 exp(-|a;| 2 /4) for any x G R and consider 
the function 

„_ u2#(p,d) I, ,|2(1-%J)) 
„ l|Vg|l L 2 (R d ) l|g|l L 2 (M^) 
ft(p,d) := ^rp ■ 

A tedious but elementary computation provides an explicit value for h(p, d) in terms 
of r functions, that can be used to get the estimate 

<h(p,d) 



CCKN {fi{P,d),p,A(a-(p))) C GN (p) 
where a-(p) = a(i?(p, d),p). Consider the function 

L(p,d) := h(p,d)C* CKN (i9(p,d),p,A(a-(p))) . 

Explicit computations show that lim p _j.2 + L(p,d) = 1 and £(d) := lim p _>.2 + ^(p,d) 
is an increasing function of d such that lim ( i^ OD l(d) = —i log 2 < 0. Hence, for any 
given d > 2, there exists an r\ > such that L(p, d) < 1 for any p G (2, 2 + 77). See 
Fig. 2. As a consequence, we have 

h{p, d) < 



CcknWP'AP'^-W)) 
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provided < p — 2 < 77, with r\ small enough, thus proving that Cq KN (6 i ,p, A) < 
Cckn($>Pi A) if = $(p, d) and a = a_ (p). By continuity and according to Theorem [7] 
(ii), the strict inequality also holds for 8 close to #(p, d) and a close to a_(p), as 
claimed. □ 




Fig. 2 Plots of L(p, d) as a function of p for d = 3, ... 10. 



Proof of Theorem [6) For the weighted logarithmic Hardy inequality p|. the same 
method applies. From the explicit estimates of Cls an d C^ VLH (7,vl), it is a tedious 
but straightforward computation to check that C^ V lh(7i^) < ^-LS if an d only if 
A(a) > 7133(7, d), where /Isb has been defined in (J5]). As a special case, notice that 
c WLH(d"/ 4 > A(-l/2)) < C LS if d > 3, while, for d = 2, we have: 

Urn C^ LH (7,^(-l/2)) < C LS . 

See Fig. 3. By continuity, the inequality C^ljj (7,^(7)) < Cls remains valid for 7 > 
d/4, provided 7 — d/4 > is small enough. This completes the proof. □ 

Remark 7 The condition Cls < C^ VL h(^/4)^) amounts to a £ (a*,fflc) for some ex- 
plicit a* and from [5[ Theorem 1.4] we know that this is a sufficient condition for the 
existence of an extremal function for ([2]). The symmetry breaking results of Theorem [6] 
hold for any a G (—00, a*). In that case, the existence of an extremal for © is not 
known if 7 = d/4, d > 3, but it is granted by [S] Theorem 1.3] for any 7 > d/4, d > 2. 

Compared with the result in Proposition [2] we see by numerical calculations that 
A(a) > A(pf) is more restrictive than A(a) > ^SB^d) except if d = 2 and 7 £ 
[0.621414..., 6. 69625...], d = 3 and 7 G [0.937725 4.14851 .. .], or d = 4 and 
7 G [1.31303 . . . , 2.98835 . . .]. For d > 5, we observe that A SB (7, d) < ^(7). See Fig. 4. 

As a concluding remark for the weighted logarithmic Hardy inequality, we em- 
phasize the fact that, in many cases, the comparison with the logarithmic Sobolev 
inequality gives better informations about the symmetry breaking properties of the 
extremals than methods based on a linearization approach. 
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L3 
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Fig. 3 Plot of C^, LH (d/4, yl(-l/2))/C LS in terms of d G N, d > 3. 



A SB (7,d)/A(7) 




Fig. 4 Plot of Asb(7, d)/A("f) as a function of 7, for d = 2, 3, . . . 6. 
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